Theory

Anisotropic Dispersion Interaction
We will here give the dispersion energy in a form which requires a few definitions in order to make the presentation self-contained. Consider two separated systems (molecules or atoms) labeled by 1 and 2. They have each a center-of-mass at a position represented by vectors R 1 and R 2 , respectively, with Cartesian representations in a common coordinate system: X i 1 and X i 2 for i = 1, 2, 3. We refer to the vector connecting the two subsystems by
i.e., the distance between the centers of mass is R 12 = |R 12 | We use r 1 for an electronic coordinate associated with system 1 and r 2 for electrons associated with system 2. The density-density response function of system 1 is defined by (see e.g. Ref.
1, eq 9.4.2) ρ(r 1 );ρ(r 1 ′ )
(1)
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where Ψ
(1) n 1 is a stationary state of system 1 with n 1 = 0 being the ground state and ω
0 is excitation energy from the ground state of system 1 to its n 1 :th excited state.
The density operatorρ(r 1 ) has the property that its expectation value is the electron density at a point in space. It is given in second-quantized form by expanding it in a given basis set on system 1, {φ
where a † pα a qα is an operator representing an excitation of an α-electron (spin + 1 2 ) from orbital q to p and a † pβ a qβ the equivalent for a β-electron (spin − 1 2 ).
In particular the dispersion energy of two interacting molecules (denoted by 1 and 2) is
given by 
where the derivative operator only acts on the internuclear distance
Furthermore we can use the binomial theorem to obtain
Substituting expansions in Eqs. 6 and 8 in the linear response function in Eq. 2, we can rewrite Eq. 4 as
where we can identify linear response functions of second-quantized formulations of multipole moments of various orders.
The lowest non-vanishing term is with k = k ′ = 1 and n = n ′ = 2, where we have electrical dipole operatorsr = drρ(r)r (10) and we can identify the well-known expression for dipole-dipole polarizabilities
This expansion for a specific orientation of the molecules is an expression which couples the molecular polarizability tensors with second derivatives of the intermolecular distance and which decays as R −6 12
where the summation is over cartesian coordinates in a common coordinate system, and T is the second-order derivative of the Coulomb potential
R 5 12
(13)
Isotropic dispersion coefficient C 6
An isotropic expression for the dispersion energy is obtained by rotational averaging of the two subsystems independently. Molecular tensors such as polarizabilities are usually calculated in a coordinate system fixed by molecular nuclei (body-fix axes) whereas observations are carried out in a coordinate system defined by the observer (lab-fix axes). With C µi as the transformation matrix between body-fix (greek indices) and space-fix (roman indices) axes this averaging may be written
Detailed expressions for rotational averages of tensors can be found, e.g., in Ref.
2; in our case the average can be written as
Substituting with the isotropic polarizabilities
we obtain
which defines the well-known C 6 coefficient for the dispersion interaction. By decomposing the molecular polarizabilities α (1) and α (2) into distributed atomic contributions α 
j , respectively, where i is an atomic site in molecule 1 and j an atomic site in molecule 2, the atom-atom dispersion coefficient C ij 6 for atoms i and j can be written as
where now the distributed polarizabilities for the atoms contributes to the atomic C ij 6 dispersion. Note that in order to calculate the total dispersion energy by our scheme LoProp (see below), each atom-atom pair has to be evaluated. For a water dimer with 3 atoms in each molecule, there is thus 3 × 3 = 9 atom-pairs to consider. This is due to the LoProp polarizability being additive and summing up to the molecular polarizability, and the sum of all LoProp C ij 6 elements being equal to the molecular C 6 . 
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